In this paper, we establish the existence of at least four distinct solutions to an elliptic problem with singular cylindrical potential, a concave term, and critical Caffarelli-Kohn-Nirenberg exponent, by using the Nehari manifold and mountain pass theorem.
Introduction
In this paper, we consider the multiplicity results of nontrivial nonnegative solutions of the following problem µ < . Bouchekif and El Mokhtar [7] proved that ( )
where * Λ is a positive constant. Terracini [8] proved that there is no positive solutions of ( )
µ < . The regular problem corresponding to 0 a b µ = = = and 1 h ≡ has been considered on a regular bounded domain Ω by Tarantello [9] . She proved that, for
H Ω , not identically zero and satisfying a suitable condition, the problem considered admits two distinct solutions.
Before formulating our results, we give some definitions and notation. We denote by 
From the Hardy-Sobolev-Maz'ya inequality, it is easy to see that the norm 
, , 0, , 0,
We list here a few integral inequalities.
The starting point for studying ( ) , λ µ  , is the Hardy-Sobolev-Maz'ya inequality that is particular to the cylindrical case k N < and that was proved by Maz'ya in [4] . It states that there exists positive constant 
The second one that we need is the Hardy inequality with cylindrical weights [5] . It states that
It is easy to see that (1.1) hold for any u µ ∈  in the sense 
Throughout this work, we consider the following assumptions: (F) there exist 0 0 
Now we can state our main results. This paper is organized as follows. In Section 2, we give some preliminaries. Sections 3 and 4 are devoted to the proofs of Theorems 1 and 2. In the last Section, we prove the Theorem 3.
Preliminaries
Definition 1. Let c ∈  , E a Banach space and 
then c is critical value of J such that c r ≥ .
Nehari Manifold
It is well known that J is of class 
Thus, J is coercive and bounded from below on  . Define 
Moreover, by the Hölder inequality and the Sobolev embedding theorem, we obtain ( )
From (2.5) and (2.6), we obtain 0 λ ≥ Λ , which contradicts an hypothesis. 
We conclude that 0 c c 
By (2.2), we get ( ) Proof. With minor modifications, we refer to [12] . Proposition 1 (see [12] 
Proof of Theorems 1
Now, taking as a starting point the work of Tarantello [13] , we establish the existence of a local minimum for J on 
Proof of Theorem 2
Next, we establish the existence of a local minimum for J on −  . For this, we require the following Lemma. ,
This implies that
Now, we prove that ( ) 
Proof of Theorem 3
In 
. 
